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Formation of nick instabilities due to particle clustering along crystal interfaces
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The kinetic growth of crystal grains is simulated on a square lattice in the presence of mobile particles. The
model is based on the Eden and the dynamic epidemic models. Trapping of the particles by the advancing front
and a short-range repulsion of the particles by the front are both allowed. The grain boundary morphology is
studied through the kink density concept and the spatial distribution of particles is discussed. Indeed, the
clustering of particles along the crystal edges is found to induce the formation of so-called nick instabilities at
the liquid-solid interface. The particles, when trapped near such instabilities, occur as oblique filamentary
structures in the crystal matrix, just like river networks. These findings agree with recent experimental obser-
vations. The numerical laws are also explained by theoretical arguments based on different characteristic
lengths.@S1063-651X~97!08810-7#

PACS number~s!: 05.40.1j, 81.10.Aj
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I. INTRODUCTION

The interaction between some mesoscopic particles
an advancing solid-liquid front is of fundamental interest
various fields of science. Indeed, numerous systems are
lated to such a problem, e.g., the behavior of biological c
on an ice-water interface@1#, the trapping of bubbles during
solidification @2#, or the growth of superconductin
YBa2Cu3O72x /Y2BaCuO5 composites@3#. In the particular
field of crystal growth, it is of interest to consider the tra
ping problem of particles in order to control the decorati
of a crystal by mesoscopic impurities. Indeed, trapped im
rities control the microstructural features and the phys
properties of the materials as for the particular case
YBa2Cu3O72x @4#. From the statistical physics point of view
it is of interest to study how the interface shape is affected
the presence of a collection of particles.

The trapping or pushing of a mesoscopic impurity by
advancing solid front through a liquid has been discussed
Uhlmann, Chalmers, and Jackson@5#. They experimentally
studied the growth of a planar solid-liquid interface reach
a single perfectly smooth particle. They observed that f
typical growth conditions, there exists a critical particle r
dius Rc above which the particle is trapped by the front a
below which the particle remains indefinitely pushed by
growing front. In a Uhlmann-Chalmers-Jackson~UCJ! pro-
cess, the value ofRc depends on physical parameters such
the nature of the medium, the nature of the particle, the
locity of the front, the viscosity of the liquid phase, and t
microscopic roughness of the particle. A practical criteri
@1# in crystal growth is that the pushing-trapping pheno
enology is usually expected to take place for the productRcv
around 1026 cm2/s. Thus the pushing-trapping transition o
curs typically at the mesoscopic scale for crystal growth.

Recently, we have introduced a simple model, the
called dynamic epidemic model@6,7#, which considers a me
andering interface pushing a collection of smooth mob
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particles. It has been shown that this process leads to
aggregation of particles along the front and further leads
nontrivial trapping of the aggregates. This effect has be
related@7# to a percolationlike transition occurring as a fun
tion of the particle fraction.

In the present work we consider the case for which
smooth front~like a solidification front!, instead of a rough
interface as considered in our previous works, reaches a
lection of particles. Moreover, we consider the case of l
particle fractions, i.e., far from a percolation transition. Th
is much more relevant for fulfilling crystal growth cond
tions. We investigate such a situation through a combina
of the so-called dynamic epidemic model@7# and an ex-
tended Eden model@8#. We discuss the final spatial distribu
tion and the grain morphology and give theoretical arg
ments to explain the observations.

II. MODEL

We consider a two-dimensional square lattice. The mo
is mesoscopic in the sense that each site can receive eit
solid (S) crystal ‘‘unit,’’ a liquid (L) unit, or a particle (P).
Liquid units, solid units, and particles are represented,
spectively, on each sitei by the variablescL( i ), cS( i ), and
cP( i ), taking only the integer value 1 or 0 for the presence
absence of the phase on this site. Because a sitei can only
contain a single phase, the relationcL( i )1cS( i )1cP( i )51
is implied. Initially, all sites contain the liquid phase, exce
an a priori fraction x of sites that are filled with a particle
Thus the average ofcP( i ) over all lattice sites gives trivially
^cP&5x.

The single-grain growth process starts with an inner~cen-
tral! site turning into the solid phase; this site becomes
nucleus of the grain growth. The grain growth then follow
an Eden growth process adapted to crystal growth@9# as
follows. Each step of the growth process consists in selec
all unoccupied~liquid! sites j in contact with the growing
cluster~solid!. A growth probability weightPj is associated
with each selected sitej . This weight constraint is first im-
posed in order to take anisotropic crystal growth rates i
4042 © 1997 The American Physical Society
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56 4043FORMATION OF NICK INSTABILITIES DUE TO . . .
account as in Ref.@9#. The growth probabilityPj on one of
the possiblej growth sites is assumed to be proportional t

Pj;expFgNN(
m

cS~m!G , ~1!

where the summations run over all the nearest-neighb
~NN! m sites of the selectedj site. The exponential form
~Boltzmann-like! of Eq. ~1! is used to enhance the bonding
anisotropy along^10& and ^01& lattice directions and to
mimic an activation energy process@9#. The parametergNN
is like the bond energy in the lattice-gas model. It is a d
mensionless parameter. It can be argued@9# thatgNN has the
simple formgNN5JNN /kBDT, whereJNN is a coupling en-
ergy,kB is the Boltzmann constant, andDT is the departure
from the equilibrium temperature~undercooling!. The prob-
abilities Pj are stored in an array, renormalized over th
interval @0,1#, and a specific growth site is chosen by ran
domly. The solidification of the mesoscopic cell is then su
posed to take place there.

As an example, a small part of the front is shown at thr
consecutive time steps in Fig. 1, where the crystal phase
drawn in white, the liquid phase in gray, and the particles
black. In Fig. 1~a! the central liquid site was chosen to tur
into the solid phase@see Fig. 1~b!#.

After each growth step that results in gluing a new cryst
unit on the front, the untrapped particles that are in conta
with the new crystal unit are selected. Each selected parti
is either assumed to be blocked and to become trapped
ever by the crystal with a probabilityp, or a dynamical UCJ-
like event is allowed to take place with a probability 12p.
One should note that the UCJ theory considers only the t
extreme casesp50 and 1 for particle radiiR,Rc and R
.Rc , respectively. In real situations, the size of the particl
may be polydisperse. The roughness of the particle may
also considered to be different from one particle to anoth
Thus a noninteger probabilityp allows one to consider that
the particles are not identical. We are of course aware tha
true process cannot be represented by a single number.

For a UCJ event, the number of nearest-neighbor so
units of the particle has to be calculated. This is called t
contact number of the particle. The contact number of t
neighboring empty~liquid! sites is also calculated. If one~or
more! neighboring site~s! has ~have! a contact number
strictly less than the contact number of the particle itself, t
latter makes a random jump towards one such site in orde
reduce its contact number. In Fig. 1~b!, for example, we let

FIG. 1. Schematic illustration of one growth step on a small pa
of the front. The particle, liquid, and crystal phases are represen
in black, gray, and white, respectively:~a! a central site that is a
kink site is chosen for the growth step;~b! in this site the liquid
phase is turned into the crystal phase;~c! the particle touched by the
growth front makes a move decreasing its contact with the front
or
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the particle that is touched by the front to be subjected to
UCJ event and thus be allowed to make a jump toward
nearest-neighbor site@as drawn in Fig. 1~c!#.

Notice that if no low contact number is available on
nearest-neighbor liquid site, the particle cannot make
move, although a UCJ event is allowed. This is another w
for a particle to be trapped. A new growth step is then tak
The whole process described in the previous paragraph
repeated a desired numberN of times.

It is useful to discuss the physical range of validity of t
model and stress it with respect to the mesoscopic sc
Rearrangements on a crystal surface are essent
evaporation-diffusion processes occurring at the microsco
level. The model does not need to include such diffus
processes. Indeed, the ensemble average will take car
such fine features occurring at a different time scale. T
strict validity condition imposes that the mesoscopic ce
considered by the model should thus be larger than the
fusion length of atoms in the melt. Consider that the diff
sion lengthl5ADt, with a characteristic time intervalt as,
e.g., the time to grow the solid phase on a cell. This char
teristic time t is simply t5a/v, wherea is the size of a
lattice mesoscopic cell of the model andv the growth rate of
the solid phase. The above model is thus valid ifl,a, i.e.,

D/v,a. ~2!

Thus the model should consider a ‘‘sufficient large scal
depending on the physical quantities presented by the ph
cal situation. Typically, the unit sizea should be a meso
scopic length, i.e., the size of the considered impurities.
instance, for the YBa2Cu3O72x , system cited in the Intro-
duction, the diffusion coefficientD is about 10211 m2/s @10#
and the usual growth ratev is of the order of 1 mm/h@10#.
Thus the condition~2! is verified if a is larger than 1mm.
This size is roughly the size of the Y2BaCuO5 particles, i.e.,
the minimum scale of the mesoscopic microstructure of
terest. Application of the above model to YBa2Cu3O72x ce-
ramics can be found in Ref.@11#.

III. NUMERICAL RESULTS

Let us recall that a growing site is defined as a site c
taining the liquid phase and being a nearest neighbor o
crystal unit. A kink site is defined as a growing site~liquid!
having strictly more than one crystal neighboring units. F
example, the site chosen for growth in Fig. 1~a! was a kink
site. The kink sites are also ‘‘hot sites’’ since they are m
probably chosen during the crystal growth@see Eq.~2!#.

We define and introduce the notion of the kink site de
sity k as the ratio between the number of kink sites and
total number of possible growing sites at each time step
crystal with ‘‘perfect’’ smooth edges along the^10& and^01&
directions hask50. As the crystal grows, the kink site den
sity k is numerically found to fluctuate around a value d
pending ongNN @9#. A recent work@12# has shown that the
kink density depends exponentially ongNN . The higher the
gNN , the lower the kink site densityk.

In the present study,gNN was arbitrary fixed to be 200, a
value that gives smooth edges in the absence of particles@9#.
This value is reasonable as a relative value of the ratio
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FIG. 2. Typical boundaries for grains made ofN510 000 crystal units. The trapped particles are also shown. The particles are
(p51). Three different concentrations of particles are illustrated:~a! x5

1
49, ~b! x5

1
25, and~c! x5

1
16.
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tween the bond energy and the out-of-equilibrium tempe
ture range as mentioned above. In this section we study
effect of the other parameters~x andp! on the global crystal
shape, on the local surface morphology~throughk!, and on
the spatial distribution of trapped particles.

In the simulations reported here, the initial distribution
particles was often chosen to be spatially regular rather t
random in order to have initially disconnected particles a
in order to emphasize the displacement of particles thro
the UCJ mechanism. At the beginning of the simulation,
particles were separated by a fixed integer distanced along
both ^10& and ^01& directions such that thex concentration
value is given by 1/d2. The results, however, were found
be similar for random or regular particle distributions.

Let us examine first the case for which the trapping pr
ability has the maximum value (p51) such that the particle
represent static hindrances for the growing front. The res
ing crystal shape and the trapped particles are shown in
2 for differentx concentrations:~a! x5 1

49 ,~b! x5 1
25 , and~c!

x5 1
16 . Each grain is made ofN510 000 crystal units. For a

large concentrationx, the front is jagged since the particle
greatly perturb the front. The grain shape becomes
squarelike as the fractionx is increased@see Fig. 2~c!#.

Figure 3 presents in a semilogarithmic plot the kink s
density k of such N510 000 grains as a function of th
square root of the concentrationx. The parameterp is fixed
to be p51, as in Figs. 2~a!–2~c!. Each dot represents a
average ofk over 20 simulated grains. Circles and triangl
are used for random or regular initial particle distribution
respectively. No significative change ofk is observed be-
tween the random and the regular initial particle distrib
tions. One should note that the values of the kink site den
is low ~of the order of 1021! because of the high value o
gNN @9#. For both random and regular initial particle distr
butions, a decrease ofk is observed as the amount of pa
ticles is increased. In the presence of particles, the numbe
growing sites decreases because particles ‘‘infect’’ the s
face. The results of Fig. 3 show that the kink site densitk
decreases also withx, a result that was unexpected by
comparison with Fig. 2. Therefore, we emphasize that a
kink site density does not correspond necessarily to smo
edges and to a square symmetry. On a length scale less
the particle interdistance, the edges are flat even though
global shape looks rounded@see Fig. 2~c!#.

For a periodic initial particle distribution and forp51,
i.e., static particles, the maximumx fraction allowing for an
-
he

f
n

d
h

e

-

lt-
ig.

ss

,

-
ty

of
r-

w
th
an

he

infinite growth is obviouslyx5 1
4 with a minimum particle

interdistanced52. However, for a random initial particle
distribution, the maximum fraction of particles allowing the
growth is aboutxc'0.41 for p51. This critical valuexc
corresponds to the random-site percolation threshold@13# on
the square lattice for the fraction of initial liquid site
12xc'0.59. Forp50, a previous work@6# has shown that
the transition occurs atxc50.5660.01, i.e., at a quite larger
fraction of particles.

For the investigated values ofx andp51, the decrease of
the kink site densityk is empirically found to be a stretched
exponential

k~p51!;exp~2gAx!, ~3!

for x,xc , the amplitude of the stretched exponential de
pending on the size of the grain. The continuous curve o
Fig. 3 is a fit of the data with the latter equation givingg
'5.745.

It is of interest to examine the effect ofp on the grain
shape. Figures 4~a!–4~c! present three grains that are grow-
ing with different trapping probabilitiesp. Each grain is
made ofN510 000 crystal units and the concentrationx is

FIG. 3. Kink site densityk as a function of the square root of the
particle concentrationx for N510 000 grains. The particles are
static (p51). Each dot is an average over 20 simulations. Th
circles and triangles represent the use of random or regular initi
particle distributions, respectively. The continuous line is a fit with
the stretched exponential of Eq.~3!.
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FIG. 4. Grain boundaries and trapped particles shown for three grains made ofN510 000 crystal units. The concentration of particles
set tox5

1
16. Three different values of the trapping probability are illustrated:~a! p50.16, ~b! p50.04, and~c! p50.01.
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kept constant (x5 1
16 ). For large-p values @Fig. 4~a!, the

grain internal particle distribution is perturbed, but is s
homogeneous, as was the initial particle distribution. Wh
decreasing the trapping probabilityp, flat edges locally ap-
pear together with particle-free regions@Fig. 4~b!#. However,
the particles aggregate on the edges of the grain@Fig. 4~c!#.
The accumulation of particles locally leads to the format
of ‘‘nicks’’ on the growth front. This mechanism results als
in the trapping of aggregates in the crystal matrix. Lar
inhomogeneities and clusters of particles behind nicks
clearly seen in Fig. 4~c!. These inhomogeneities look lik
filaments. The trapping events seem to be a cooperative
nomenon for low trapping probabilities.

Figure 5 presents on a semilogarithmic plot the kink s
density k as a function of the particle fractionx and for
non–a priori trapping situation (p50). Each dot represent
an average over 20 simulated grains of sizeN510 000. The
kink site densityk decreases as the fractionx increases. This
seems similar to what was observed above for thep51 case
~see Fig. 3!. However, the kink site density is found to be
simple ~nonstretched! exponential

k~p50!;exp~2gx! ~4!

for x,xc , the amplitude of the exponential depending on
grain sizeN. The continuous curve in Fig. 5 is a fit with Eq
~4!, giving g'10.962.

IV. DISCUSSION

In this section we consider the kinetic mechanisms a
interpret the numerical results on the kink site densityk. The
parametersgNN , p, andx of the model constitute the bas
relevant set because the tuning of each parameter sepa
induces both globally and locally different morphologic
changes as experimentally observed. A wide variety of
served kinetic behaviors and morphologies can be produ
by the present model. The most interesting result is the
servation of inhomogeneous nontrivial particle distributio
obtained even for low trapping probabilities.

We recall that two sorts of trapping mechanisms can t
place on the advancing front:~i! the particles in contact with
the front are trapped with a probabilityp or ~ii ! the clustering
of particles~for p→0! ahead of the front obstructs the di
placement of some of them and leads to their trapping by
front. For both types of trapping events, the flat front is p
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turbed and the relaxation of the front towards a new flat
configuration depends on the parameter strengths.

For high-p values (p'1), the particles are of course eas-
ily trapped and the accumulation of particles on the growing
front cannot occur. Particles alone represent small hindrance
for the front. The front is deformed by the presence of such
particles@see Fig. 2~c!#. The front is rough on a scale larger
than the particle interdistancedpart. In general, one particle
occupies a site having more than one nearest-neighbor cry
tal unit. In other words, the interface is pinned by the static
particles. This is schematically drawn in Fig. 6~a!. Those
sites are candidates to be kink sites, but are removed from
the number of possible growth sites. This explains why the
kink site densityk decreases withx. In fact, the edges of the
crystal remains flat, but only on length scales corresponding
to the particle interdistancedpart. Because the kink sites tend
to be occupied by a particle, the distance between two kink
sitesdkink is proportional to exp(dpart), i.e., the exponential of
the particle interdistance. Since on averagedpart;1/Ax for
static particles and somewhat by definition 1/dkink'k, one
recovers the results of Fig. 3 and the stretched exponentia
for k @Eq. ~3!#.

For low trapping events (p'0), the particles move along
the front, resulting in a local accumulation of the particles on
the front @Fig. 6~b!#. Such clusters obstruct the advancing

FIG. 5. Semilogarithmic plot of the kink site densityk as a
function of the particle fractionx for N510 000 grains. The par-
ticles are pushed by the interface (p50). Each dot represents an
average over 20 simulations. The continuous line is a fit with the
simple exponential law of Eq.~4!.
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front and a nick is created. Figure 7 presents different ti
steps of the typical formation of such a nick. Trapped a
untrapped particles are drawn. The structure of trapped
ticles looks like ‘‘filaments.’’ These trapped structures we
recently observed in KCl crystals decorated by SiO2-Al2O3

particles @14#. Filamentary structures of trapped particl
have been observed also in the directional solidification
reinforced aluminium based materials@15#. Finally, the UCJ
mechanism has been shown recently to describe the oc
rence of filamentary structures in YBa2Cu3O72x supercon-
ducting ceramics@16#.

An interesting result is that a nick cannot easily disapp
for high-x values because additional particles fall into t
nick as the front advances. Moreover, the motion of nic
results in some sort of drag, thus in filaments growing si
ways to the main growth directions. For very-high-x values,
we observe the collapse of two or several nicks. This res
in the formation of treelike structures or ‘‘river network
like’’ structures. Such a structure is illustrated in Fig. 8 fo
grain ofN520 000 crystal units growing in the presence o
high density of particles~x5 1

9 and p50.01!. For p→0, the
edges of the grain remain flat, but only on length sca
corresponding to the nick interdistancednick , i.e., dkink

;exp(dnick). Due to the filamentary structures of particl
trapped behind the nicks, one would expect thatdnick;1/x
such that one recovers the results of Fig. 3 and the sim
nonstretched exponential of Eq.~4!.

FIG. 6. Schematic illustrations of the typical interface morph
ogy for two different situations:~a! the particles are static (p51)
and ~b! the particles are pushed by the interface (p50) leading to
the formation of nicks and filaments. The particle, liquid, and cr
tal phases are represented in black, gray, and white, respecti
The different length scales discussed in the text are emphasize
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V. CONCLUSION

From the kinetic growth simulation of two-dimensiona
grains taking into account the presence of mesoscopic p
ticles either trapped or pushed by the interface, the local a
global crystal morphologies as well as the trapped spa
distribution have been studied and discussed. The UCJ-
mechanism is found to induce the formation of the so-call
nick instabilities on the edges of the crystal. The particle

-

-
ly.
.

FIG. 7. Different time steps in the formation of a nick on th
edge due to the accumulation and trapping of particles. The ti
steps evolve from left to right and from top to bottom.

FIG. 8. Grain ofN520 000 crystal units. The distribution of
trapped particles is also shown and is seen to lead to different f
tures in particular filaments going sideways and ‘‘river networks
The grain has been grown in the presence of a high concentratio
particles (x5

1
9 ). The UCJ mechanism has been enhanced by tak

p50.01.
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which are trapped around such instabilities, lead to the
mation of filamentary structures~or patterns! in the crystal
matrix. The density of kinks is a nontrivial function of th
concentration of mobile particles and the strength of
front-particle interaction. This agrees with recent experim
tal observations on layerlike systems with strong growth
isotropy. The three-dimensional cases should motivate s
interesting work in the future. Moreover, the river netwo
,

.

pl
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r-

e
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e

structure could be quantified in further work both at t
simulation and at the experimental stages.
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